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Abstract

The primary goal of this work is to develop an efficient analytical tool for the computer simulation of progressive dam-
age in the fiber reinforced composite (FRC) materials and thus to provide the micro mechanics-based theoretical frame-
work for a deeper insight into fatigue phenomena in them. An accurate solution has been obtained for the micro stress field
in a meso cell model of fibrous composite. The developed method combines the superposition principle, Kolosov–Muskhe-
lishvili’s technique of complex potentials and Fourier series expansion. By using the properly chosen periodic potentials,
the primary boundary-value problem stated on the multiple-connected domain has been reduced to an ordinary, well-
posed set of linear algebraic equations. The meso cell can include up to several hundred inclusions which is sufficient to
account for the micro structure statistics of composite. The presented numerical examples demonstrate an accuracy and
high numerical efficiency of the method which makes it to be a promising tool for studying progressive damage in FRCs.
By averaging over a number of random structure realizations, the statistically meaningful results have been obtained for
both the local stress and effective elastic moduli of disordered fibrous composite. A special attention has been paid to the
interface stress statistics and the fiber debonding paths development, which appear to correlate well with the experimental
observations.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

The primary goal of this paper is to develop an efficient tool for the computer simulation of progressive
damage in the fiber reinforced composite (FRC) materials and thus to provide the micromechanics-based the-
oretical framework for a deeper insight into fatigue phenomena in them. Although extensive research in this
area has been done during the last decades and a lot of models have been proposed to predict damage accu-
mulation, it should be addressed further attention, in order to meet the challenge of developing models with a
more generalized applicability in terms of loading conditions and the materials used. Quoting from Talreja
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(2000), ‘‘A reliable and cost-effective fatigue life prediction methodology for composite structures requires a
physically based modeling of damage evolution. . . A major obstacle to developing mechanistic models for
composites is the complexity of the fatigue damage mechanisms, both in their geometry and the details of
the evolution process. Overcoming this obstacle requires insightful simplification that allows the use of
well-developed mechanics modeling tools without compromising the essential physical nature of the fatigue
process”. In the comprehensive review by Degrieck and Van Paepegem (2001), the progressive damage models
which use one or more damage variables related to measurable manifestations of damage (interface debond-
ing, transverse matrix cracks, delamination size, etc.) have been claimed as the most promising ones because
they quantitatively account for the damage accumulation in the composite structure. The gradual deteriora-
tion of a FRC – with a loss of stiffness in the damaged zones – leads to a continuous redistribution of stress
and a reduction of stress concentrations inside a structural component (e.g., Allen et al., 1990; Shokrieh and
Lessard, 2000; Degrieck and Van Paepegem, 2001). Hence, prediction of the final state of the composite struc-
ture requires simulation of the complete path of successive damage states. In order to provide an adequate
description of progressive damage with account for the local stress redistribution, one needs to use a compli-
cated structure model, able to reflect both the micro structure statistics and the local damage events. On the
other hand, progressive damage simulation implies the boundary-value problem (BVP), stated for this struc-
ture model and being a micro mechanical FRC model, to be solved several times. It means that for the prob-
lems of this kind the numerical efficiency of solving technique is of critical importance.

The composites of primary interest for us are the unidirectional glass fiber – epoxy matrix FRCs. The pre-
requisite of using these materials in the wind turbine components is extremely high (�108 and more cycles)
lifetime. It means that no irreversible strain arise during the loading cycle: in what follows, we restrict our con-
sideration to linear elasticity and transversely loaded unidirectional FRCs. Among a variety of existing FRC
models (for a comprehensive review of them, see Buryachenko (2001)), the most advanced are the so-called
‘‘multi-particle unit cell” models combining the realistic structure model with an accurate analysis of the rel-
evant BVP, followed by averaging over a series of the random structure realizations. Below, we mention only a
few publications utilizing the mentioned approach and most relevant to the topic of a given paper.

In the paper by Babuška et al. (1999), an analysis is focused on the stochastic constitutive properties and
statistics of the peak local fiber–matrix interface stresses. For this purpose, a file of the fibers location and
their diameter was generated by processing the digitized micrograph of the composite plate cut and these
data were used to formulate the structure model and BVP. The traction boundary conditions at the cell
sides were taken into account by means of super frame. The numerical method utilized to solve for stress
is the p-version of the finite element method (FEM) combined with the homogenization procedure. Digital
image processing technique was used also by Buryachenko et al. (2003) for measurement of centroid coor-
dinates of fibers with the forthcoming estimation of statistical parameters and functions describing the sto-
chastic structure of FRCs. There, the existing algorithms of random micro structures generation have been
also reviewed and a comparative statistical analysis of the experimentally measured and numerically simu-
lated fiber distributions has been performed. The approximate multi-particle effective field method (MEFM)
is used which allows to estimate the second statistical moments of stresses in both the constituents and the
interfaces between the matrix and fibers and thus predict the effective envelope for failure initiation. How-
ever, MEFM does not provide evaluation of local stress fields in the constituents and at the interfaces. Chen
and Papathanasiou (2004) have used a parallel many-processor implementation of the boundary element
method (BEM) to analyze the models containing up to 144 fibers randomly placed inside the square matrix
domain. The cell geometry was generated using a Monte Carlo algorithm with controlling the minimum
allowable inter-fiber and fiber-cell side spacing. The uniform boundary conditions in displacements and trac-
tions have been applied at the cell sides; the resulting interface stress were found to follow the Weibull-like
distribution. Among the many other papers that employ the numerical approach to study random or peri-
odic composites under different conditions at the matrix–fiber interface we also need to mention the FEM-
based works by Guedes and Kikuchi (1990), Al-Ostaz and Jasiuk (1996) and Hassini and Hinton (1998), as
well as the BEM-based works by Eischen and Torquato (1993), Kaminski (1999), Hu et al. (2000) and Dong
(2006).

The known drawbacks of the mentioned above ‘‘inclusions inside the box” model are (a) effect of cell
boundary on local volume content and arrangement of fibers, (b) uncertainty in formulating the boundary
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conditions and (c) stress field distortion near the cell sides. An alternative approach eliminating these unde-
sirable effects consists in using the advanced random packing algorithms (see, e.g., Torquato, 2002 ) which
provide periodicity of structure at the opposite cell sides and thus enable applying the ‘‘natural” periodic
boundary conditions. Among the early works following this approach we mention the paper by Sangani
and Yao (1988) where the multipole expansion method (MEM) has been applied to reduce the model BVP
to an infinite set of linear equations. Noteworthy, MEM is an essentially analytical technique; the numerical
effort consists only in evaluating the lattice sums and solving the truncated linear system. Even more numer-
ically efficient version of MEM (Golovchan et al., 1993; Kushch, 1997, among others) utilized the series expan-
sion of displacement vector over a set of appropriate periodic singular solutions. In this case, the matrix
coefficients are expressed in terms of the easy-to-calculate sums and the only remaining problem is to find
an efficient way to solve the resulting set of linear equations.

Among the other analytical approach-based publications in the area, we mention the paper by Linkov
and Koshelev (1999) and book Linkov (2002) utilizing the integral representation for the periodic and
double periodic potentials and the works by Helsing (1995), Cohen and Bergman (2003) and Bonnet
(2007), where the various series expansions of the displacement field were employed. The superposition
principle, Kolosov–Muskhelishvili’s technique of complex potentials and Fourier series expansion were
applied by Mogilevskaya and Crouch (2001), Mogilevskaya and Crouch (2002), Mogilevskaya and
Crouch (2004) and by Wang et al. (2005a,b, 2006) to reduce the model BVP to an ordinary set of linear
algebraic equations. So, in the paper by Wang et al. (2005a), a composite material is modeled by a finite
rectangular domain containing multiple circular elastic inclusions and embedded within a larger circular
domain with fictitious boundary loading represented by truncated Fourier series. The analytical solution
for the complementary problem of a circular domain containing holes and inclusions is obtained by
using a combination of the series expansion technique with a direct boundary integral method. This
approach is advantageous in that all the integrals are evaluated analytically and the elastic fields and
effective properties are expressed explicitly in terms of the coefficients in the series expansions. It makes
the numerical algorithm more efficient in comparison with the purely numerical FEM and BEM
schemes.

Recently, the very efficient solving techniques have been developed based the fast multipole method (Green-
gard, 1994; Sangani and Mo, 1996; Kushch et al., 2002; Wang et al., 2005b, among others). In this and similar
advanced though rather involved algorithms, a computational effort scales as OðNÞ, where N is a number of
inclusions per cell, which makes it rather efficient for studying the very large models (say, with N ¼ 1000 and
more), often used in the fluid suspension mechanics in order to account for the long-range interactions accu-
rately. In the solid composites no such long-range interactions exist, and a number from 100 and 200 fibers per
cell was reported by many authors as quite sufficient to provide the statistically meaningful results.

Why do we need to seek for the numerically efficient method? An answer given already at the beginning of
this paper is the progressive damage models we aim to built up. In these models, in order to simulate the com-
plete path of successive damage, one must solve the model BVP repeatedly several tens or even hundreds
times. As the literature review and our analysis shows, neither FEM nor BEM allow to do it with a non-pro-
hibitive computational effort.

In the present work, an analytical approach by Golovchan et al. (1993) has been further developed and
applied for studying the local stress and the effective elastic properties of FRC composite using the meso cell
model. The paper is organized as follows. In the first section, a choice of the geometry model is substan-
tiated and the problem statement have been given. In the second section, the theory of method and the ana-
lytical technique have been derived. It is shown, in particular, that the developed method is sufficiently
flexible to consider the both ‘‘composite bulk” and ‘‘composite ply” models with an adequate account
for the edge effects. Next, the details of numerical implementation and the possible ways of improving
the numerical efficiency are discussed. The numerical results presented in this section demonstrate the con-
vergence rate of solution, the inter-fiber distance effect and the statistics of interface stress concentration
obtained from a series of large-scale numerical experiments. Also, the damage patterns in the form of deb-
onded fiber chains were simulated using a simple debonding model and the results were found to be in
agreement with those observed experimentally. Finally, Appendix A contains the necessary theoretical
derivations.
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2. The model problem statement

2.1. Model geometry

The many-inclusion 2D unit cell model of the FRC bulk, shown in Fig. 1, represents the next step in devel-
opment of the ‘‘finite array of inclusions” model studied by Kushch et al. (2005) and Buryachenko and
Kushch (2006). Namely, we consider a quasi-random, or generalized periodic, model structure (Golovchan
et al., 1993; Bystroem, 2003, among others) with the periods a and b along the axes Ox1 and Ox2, respectively,
a unit cell of which contains a certain number of aligned in x3 direction and circular in cross-section fibers.
Within such a cell, the fibers can be placed arbitrarily but without overlapping. The fibers whose edges are
shown in Fig. 1 by dashed line do not belong to the cell while occupying a certain area within it. Thus, geom-
etry of the unit cell is given by its length a and height b, the coordinates (X 1q;X 2q) being the centers of inclu-
sions Oq and their radii Rq; q ¼ 1; 2; . . . ;N . The whole composite bulk can be obtained by translating the cell in
two orthogonal directions. Besides the global Cartesian coordinate system Ox1x2, we introduce the local, inclu-
sion-related coordinate systems Ox1qx2q with origins in Oq. Also, we will use the following complex-valued
variables

z ¼ x1 þ ix2; zq ¼ x1q þ ix2q; ð1Þ

representing the point x ¼ ðx1; x2ÞT in the complex planes Ox1x2 and Ox1qx2q, respectively. Clearly, z ¼ zq þ Zq,
where Zq ¼ X 1q þ iX 2q. Number N of the fibers with centers inside the cell can be taken large sufficiently to
simulate micro structure of an actual disordered composite. In the considered model, a diameter and the elas-
tic moduli are defined individually for each separate fiber. It provides applicability of this model for studying
the multi-component systems and the effect of fiber diameter scattering, which can be quite considerable even
in the commercial FRCs, see Babuška et al. (1999).

To generate the quasi-random structure shown in Fig. 1, the 2D version of the molecular dynamics (MD)
algorithm (for the details, see Sangani and Yao, 1988) of growing particles is utilized. An idea of the algorithm
is as follows: we start with a certain prescribed number of tiny fibers whose initial positions within a cell and
initial velocities are given by the random number generator. Then, the fibers move toward each other, collide
elastically and grow steadily during a period of 1000N collisions. In the case any fiber (more exactly, its center)
traversed the cell boundary, it enters the cell from the opposite side. It preserves both the fiber volume content
and periodicity of structure. After the volume content of fibers reached the prescribed value, the system is

Fig. 1. Structure model of the composite bulk.
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further equilibrated for a period of 5000N collisions, sufficient to guarantee reproducible thermodynamic
properties of the model (Torquato, 2002).

The considered geometry can be characterized by several parameters, such as packing density, coordination
number, radial distribution function (RDF), inter-fiber spacing, etc. In Fig. 2, the empirical RDF for the
model FRC with N ¼ 100 and volume content of fibers c ¼ 0:65 is shown. The open circles represent data
for a single structure realization, solid circles are obtained by averaging over 10 runs. The solid and dash-dot-
ted lines show the analogous data obtained by Truskett et al. (1998) and Buryachenko et al. (2003), respec-
tively; as seen from the plot, our data practically coincide with the results by Truskett et al. (1998). And
yet another parameter often introduced in the many-fiber models of FRC is the ‘‘minimum allowable inter-
fiber spacing” dmin ¼ minp;qðjZpqj=D� 1Þ (e.g., Chen and Papathanasiou, 2004), where D is a diameter of fiber
and Zpq ¼ Zp � Zq, see Fig. 1. It is usually assigned some small positive value in order to separate inclusions
and thus alleviate either analytical or numerical analysis of the model BVP.

The following modification of the above model is also of practical interest. In Fig. 3a, a typical structure of
cross-ply FRC laminate is shown: applicability of the composite bulk meso cell model (Fig. 1) does not seem
obvious in this case. Say, Babuška et al. (1999) have reported considerable (up to 20%) local decrease of the
fiber volume content in the vicinity of inter-ply boundary. Expectably, the stress field in this area will be sub-
stantially different of that in the bulk resulting in such damage mode as delamination. Probably, the more ade-
quate model of composite ply is shown in Fig. 4: the only difference from the ‘‘bulk model” consists in that no
fiber intersections with the flat edges x1 ¼ 0 and x2 ¼ �b of the ply are allowed. The minor modification of the
relevant MD algorithm reduces to the assumption that the moving fibers rebound elastically from the ply
boundaries instead of penetrating them. This model makes possible studying the edge effects caused by the
low fiber volume content nearby the ply boundary and by interacting with the neighboring plies provided
the boundary conditions flat edges were properly stated. Under assumption that the boundary conditions
at the flat edges of ply are periodic in x1 with period a (constants, as a particular case), the stress field will
be periodic in x1 as well. It allows to (a) reformulate the primary ‘‘composite bulk” or ‘‘composite ply” prob-
lem as the BVP for a piece-homogeneous finite-sized cell and (b) confine finding the solution of relevant BVP
to the class of periodic functions. It will be seen from the subsequent account that the method we develop can
be applied equally to both these models.

Noteworthy, the model we consider involves the additional structure parameter, namely ply thickness
b� Rq, so it can be thought as a meso level model. Also, it seems reasonable to regard the typical damage
observed in Fig. 3b as the meso level event rather than micro- or macroscopic ones, commonly associated with

Fig. 2. Radial distribution function of the quasi-random composite cell model: 100 fibers per cell, solid line is obtained by averaging over
10 realizations.
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a single fiber and entire composite part, respectively. Due to these reasons, we will call our model as a ‘‘meso
cell”; for more discussion on the subject, see Mishnaevsky (2007).

2.2. Model problem

By adopting 2D model, we assume implicitly orij=ox3 ¼ 0: within this framework, the (a) plane strain, (b)
plane stress and (c) anti-plane shear (in x3-direction) problems can be studied. Specifically, we consider the
plane strain problem ðu3 ¼ 0Þ; as a consequence, e33 ¼ e13 ¼ e23 ¼ 0 as well. Both the matrix and fiber mate-
rials are isotropic and linearly elastic.

We denote um ¼ um1 þ ium2 the displacement in a matrix material with a shear modulus G0 and Poisson ratio
m0; uðqÞi , Gq and mq refer to displacement and elastic moduli, respectively, of qth fiber, q ¼ 1; 2; . . . ;N : Here, ui

are the Cartesian components of displacement vector u ¼ ðu1; u2ÞT. At the matrix–fiber interfaces, the perfect
bonding conditions are prescribed:

ðum � uðqÞi Þjrq¼Rq
¼ 0; ½snðumÞ � snðuðqÞi Þ�jrq¼Rq

¼ 0; q ¼ 1; 2; . . . ;N ; ð2Þ

where sn ¼ rrr þ irru.
The stress field in the composite bulk is assumed to be macroscopically homogeneous, which means con-

stancy of the volume-averaged, or macroscopic, strain E ¼ fEijg ¼ fheijig and stress S ¼ fSijg ¼ fhrijig ten-
sors, where V hf i ¼

R
V f dV and V is the volume of meso cell. Sometimes (e.g., Drago and Pindera, 2007), the

last one is called as a representative unit cell (RUC) in contrast to the representative volume element (RVE),

Fig. 3. Cross-ply laminate (a) subjected to uniaxial loading and (b) resulting damage (Joffe, 1999). The figure is reproduced with kind
permission from the author.

Fig. 4. Structure model of the composite ply.
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which characterizes heterogenous materials with statistically homogeneous microstructures at an appropriate
scale. For more discussion regarding the RUC and RVE concepts, their proper choice and the statements of
model BVPs, see Shen and Brinson (2006), Drugan and Willis (1996), Gusev (1997), among others. We men-
tion only that for the considered model and the problem under study, namely, statistically homogeneous com-
posite structure and macroscopically homogeneous stress field, they are equivalent in the sense that averaging
over RUC and RVE gives the same result provided the last one is taken sufficiently large.

In the problem we consider, the far field load is defined by the macroscopic strain tensor E. This statement
is typical in the homogenization problem where the macroscopic, or effective, moduli are to be determined. On
the contrary, using the macroscopic stress tensor S as the load governing parameter is preferable in the local
stress concentration study. For this purpose, the established below simple relationships (64) (Section 3.4) can
be utilized. Next, it is of common knowledge that under macroscopic stress homogeneity condition periodicity
of structure results in periodicity of relevant physical fields. In our case, the periodicity condition

rijðzþ aÞ ¼ rijðzþ ibÞ ¼ rijðzÞ ð3Þ

can be alternatively regarded as the cell boundary condition providing continuity of the displacement and
stress fields between the adjacent cells. The stress field in the composite ply is governed by a self-equilibrated
set of load applied to the flat boundaries and, in the case the boundary conditions at the ply edges are periodic
in x1 with period a (constants, as a particular case), the stress field will be periodic in x1 as well:

rijðzþ aÞ ¼ rijðzÞ: ð4Þ

In both the cases, it is possible to decompose the displacement field into a sum of the linear part u0 being the
far field and determined entirely by the E tensor and the periodic fluctuation uf caused by the inhomogeneities.

The theory we apply to study this problem is the Kolosov–Muskhelishvili’s method of complex potentials,
widely recognized as the powerful analytical technique for a given class of problems. However, unlike the case
of a finite array of inclusions (Buryachenko and Kushch, 2006; Mogilevskaya and Crouch, 2001), periodicity
of the model implies introducing the appropriate periodic complex potentials. The computational cost-efficient
way to build up solution of the model BVP in the class of periodic (rather than doubly periodic) functions has
been suggested by Golovchan et al. (1993); a brief summary of the theory of periodic potentials is given in
Appendix A.

3. The problem solution

3.1. Composite band

First, we solve for stress in a ‘‘composite band” obtained by removing upper and bottom edges of ply or,
equivalently, by putting b ¼ 1. In fact, we study a plane containing several periodic rows of circular inclu-
sions. We focus on this auxiliary problem mainly to demonstrate the technique of reducing the boundary-
value problem to a linear set of algebraic equations. Then, a composite space and a finite thickness composite
ply will be considered in the same manner, with the relevant boundary conditions at the flat edges additionally
applied.

We will use the following representation of complex-value displacement

u ¼ u1 þ iu2 ¼ ,uðzÞ � ðz� zÞu0ðzÞ � wðzÞ; ð5Þ
slightly different in form bur equivalent to that suggested in the original book by Muskhelishvili (1953). In (5),
the functions uðzÞ and wðzÞ are the complex potentials, , is the constant factor equal to 3� 4m for the plane
strain problem and z means the complex conjugate of z. As we will see later on, presence of the multiplier
ðz� zÞ ¼ 2ix2 instead of z in the bi-harmonic term simplifies considerably the solving procedure. Namely, it
enables using the periodic potentials in exactly the same way we worked with the conventional potentials
of zn type in the ‘‘finite array of inclusion” problem. Corresponding to (5) the stress tensor is given by

r11 þ r22 ¼ 4G0ðu0ðzÞ þ u0ðzÞÞ;
r22 � r11 þ 2ir12 ¼ 4G0½ðz� zÞu00ðzÞ � u0ðzÞ þ w0ðzÞ�:

ð6Þ
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Following Buryachenko and Kushch (2006), we write a general solution for the plane containing a finite row
of circular inclusions with centers Zk ¼ ak; jkj 6 K as a superposition of the far displacement field u0 and the
disturbances induced by each separate inclusion:

um ¼ u0ðzÞ þ
XK

k¼�K

½,0ukðzkÞ � ðzk � zkÞu0kðzkÞ � wkðzkÞ�; ð7Þ

where

ukðzkÞ ¼
X1
n¼1

aðkÞn

ðzkÞn
; wkðzkÞ ¼

X1
n¼1

bðkÞn

ðzkÞn
; ð8Þ

and zk ¼ z� Zk. Note, that in this specific case ðzk � zkÞ is independent of index k and, thus, (7) can be rewrit-
ten in the form (5), with the potentials

uRðzÞ ¼
XK

k¼�K

ukðzkÞ; wRðzÞ ¼
XK

k¼�K

wkðzkÞ: ð9Þ

Now, we recognize that solution for a plane with an infinite row on inclusions can be thought as a limiting case
of (7)–(9) where K !1. Moreover, periodicity of solution implies aðkÞn ¼ an and bðkÞn ¼ bn for any k. As easy to
see, by change of summation order in (8) and (9) we come again to solution in the form (5), with the periodic
potentials tnðzÞ (A.1):

uðzÞ ¼
X1
n¼1

antnðzÞ and wðzÞ ¼
X1
n¼1

bntnðzÞ: ð10Þ

Quite analogous consideration shows also that for a more general model involving several, say N, infinite rows
of fibers a general solution will be

um ¼ u0ðzÞ þ
XN

p¼1

upsðzpÞ; ð11Þ

where

upsðzpÞ ¼ ,0upsðzpÞ � ðzp � zpÞu0psðzpÞ � wpsðzpÞ ð12Þ

and

upsðzpÞ ¼
X1
n¼1

aðpÞn tnðzpÞ; wpsðzpÞ ¼
X1
n¼1

bðpÞn tnðzpÞ: ð13Þ

In (13), aðpÞn and bðpÞn are the unknown complex-valued coefficients. To be consistent with the above made mac-
roscopic homogeneity assumption, the far displacement field u0 must be linear:

u0ðzÞ ¼ C0 þ ð,0 � 1ÞC1z� ðC2 � C1Þz: ð14Þ

Two governing parameters, C1 and C2, relate the far field strains Eij in a way defined below (Eq. (58)); for a
while, we consider them as the arbitrary complex constants.

With the potentials taken in the form (10), the periodicity condition (4) is fulfilled automatically. Moreover,
due to periodicity of the solution, it suffices to satisfy the interface conditions (2) for the fibers with centers
lying inside the unit cell only. We write displacement in qth fiber as

uðqÞi ¼ ,quqrðzqÞ � ðzq � zqÞu0qrðzqÞ � wqrðzqÞ; ð15Þ

where the potentials

uqrðzqÞ ¼
X1
n¼0

cðqÞ�nðzqÞn; wqrðzqÞ ¼
X1
n¼0

dðqÞ�nðzqÞn ð16Þ

V.I. Kushch et al. / International Journal of Solids and Structures 45 (2008) 2758–2784 2765
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are the regular analytical functions.
Noteworthy, uðqÞi are written in the local coordinates of qth fiber. To fulfill the conditions (2), one has first to

find the local expansion of um in a vicinity of Oq as well. For u0, such an expansion is straightforward:

u0 ¼ U 0q þ Rq½ð,0 � 1ÞC1 expði/qÞ � ðC2 � C1Þ expð�i/qÞ�; ð17Þ

where zq ¼ rqei/q and

U 0q ¼ C0 þ ð,0 � 1ÞC1Zq � ðC2 � C1ÞZq: ð18Þ

Transformation of upsðzpÞ (12) is based on the formulas (A.4)–(A.7) of Appendix A; taking account of
zp ¼ zq � Zpq, we getXN

p¼1

upsðzpÞ ¼
XN

p¼1

X1
n¼1

aðpÞn tnðzpÞ ¼
XN

p¼1

X1
n¼1

aðpÞn

dpq

ðzqÞn
þ
X1
m¼0

H �nmðZpqÞðzqÞm
" #

¼
X

n

aðqÞn ðzqÞ�n
; ð19Þ

where

aðqÞ�n ¼
XN

p¼1

X1
m¼1

aðpÞm H �mnðZpqÞ; n ¼ 0; 1; 2; . . . ð20Þ

Applying the same procedure to the rest of terms in (11) and (12) gives us, after some algebra, the following
local expansion:

um ¼ ,0

X
n

aðqÞn ðzqÞ�n � ðzq � zqÞ
X

n

ð�nÞaðqÞn ðzqÞ�n�1 �
X

n

bðqÞn ðzqÞ�n
; ð21Þ

where

bðqÞ�n ¼
XN

p¼1

X1
m¼1

½bðpÞm H �mnðZpqÞ þ ðnþ 1ÞðZpq � ZpqÞaðpÞm H �m;nþ1ðZpqÞ�;

n ¼ 0; 1; 2; . . .

ð22Þ

The last step is substitution of (21) together with (15) into the first of interface conditions (2) and equating to
zero the coefficients of the power series in zq in the left hand side of (2). As a result, we obtain an infinite set of
linear algebraic equations with the unknowns aðpÞn ; bðpÞn ; cðpÞn and dðpÞn : This procedure resembles closely that one
described by Buryachenko and Kushch (2006) and we do not reproduce it here. The second set of equations is
born by the second of interface conditions (2) where the curvilinear components of sn are expressed in terms of
complex potentials by the formula

ðrr � irr/Þ ¼
1

2
½r11 þ r22 � ðr22 � r11 þ 2ir12Þe2i/� ¼ 2Gf2Re½u0ðzÞ� � ½zu00ðzÞ þ w0ðzÞ�e2i/g: ð23Þ

The final form of linear algebraic system, obtained after excluding the unknowns cðpÞn and dðpÞn , is

X1

ðRqÞ2k ½ðRqÞ2ðk � 2ÞaðqÞk�2 � ðb
ðqÞ
k þ kaðqÞk Þ� þ aðqÞ�k ¼ �dk1C1;

X2

ðRqÞ2k aðqÞk � ðk þ 2ÞðRqÞ2aðqÞ�k�2 � ðb
ðqÞ
�k � kaðqÞ�kÞ ¼ dk1ðC2 � C1Þ;

q ¼ 1; 2; . . . ;N ; k ¼ 1; 2; . . . ;

ð24Þ

where

X1 ¼
ð2eGq þ ,q � 1Þ

2½eGqð,0 � 1Þ þ ð,q � 1Þ�
for k ¼ 1; X1 ¼

ðeGq þ ,qÞ
2ðeGq,0 � ,qÞ

for k > 1 ð25Þ
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and

X2 ¼
ðeGq,0 þ 1Þ
2ðeGq � 1Þ

; eGq ¼ Gq=G0:

Eq. (24) together with (21) and (21) form a closed infinite well-posed set of linear equations. Based on the re-
sults by Golovchan et al. (1993), it is rather straightforward to show that this system belongs to the class of
systems with the normal type determinant and thus its solution can be obtained by the truncation method
(Kantorovich and Krylov, 1964). After we have aðpÞn and bðpÞn found from (24), the coefficients cðpÞn and dðpÞn

are calculated according to

cðqÞ�k ¼
ð,0 þ 1Þ
ðeGq þ ,qÞ

aðqÞk ; k > 1;

RecðqÞ�1 ¼
ð,0 þ 1Þ

ð2eGq þ ,q � 1Þ
ReðaðqÞ1 þ C1Þ;

ImcðqÞ�1 ¼
ð,0 þ 1Þ
ð,q þ 1Þ ImðaðqÞ1 Þ;

dðqÞ�k ¼ kcðqÞ�k þ
ð,0 þ 1Þ
ðeGq � 1Þ

aðqÞk

ðRqÞ2k � ðRqÞ2ðk þ 2ÞcðqÞ�ðkþ2Þ; k P 1;

dðqÞ0 ¼ 2ðRqÞ2ðaðqÞ�2 � cðqÞ�2Þ þ bðqÞ0 þ BðqÞ0 � ,0aðqÞ0 � ð,0 � 1ÞC1Zq þ ðC2 � C1ÞZq � U 0q;

ð26Þ

and, thus, the solution has been completed.
It is appropriate to emphasize here that the exposed solving procedure utilizing the superposition of singu-

lar solutions and their local re-expansion in terms of regular ones is the nothing else but the basic multipole
expansion technique and thus our approach can be viewed as one of possible realizations of the MEM.

3.2. Quasi-random composite space

Now, we come back to the problem stated in the Section 1 (Fig. 1) and show how to satisfy the periodicity
conditions (3) in x2 direction, namely

T nðz� biÞ ¼ T nðzÞ; where T n ¼ r22 þ ir12: ð27Þ

For this purpose, we introduce the potentials

uhðzÞ ¼
X
m 6¼0

pm expðibmzÞ; whðzÞ ¼
X
m 6¼0

qm expðibmzÞ; bm ¼ 2pm=a; ð28Þ

written in global variables. In accordance with the superposition principle, a general solution in the matrix
domain um (11) takes the form

um ¼ u0ðzÞ þ
XN

p¼1

upsðzpÞ þ uhðzÞ; ð29Þ

where uh is the boundary-related term, which by analogy with (5) can be expressed as

uh ¼ ,0uhðzÞ � ðz� zÞu0hðzÞ � whðzÞ ¼
X
m6¼0

f,0 pm expðibmzÞ þ ½ðz� zÞibmpm � qm� expð�ibmzÞg: ð30Þ

The complex-valued Fourier series coefficients pm and qm in this extra term must be chosen so that to satisfy
the conditions (27). To find them, we expand (29) into the Fourier series in x1: By applying (A.2), we get for the
singular part of T n, namely T s ¼ T nðusÞ ¼

PN
p¼1 T n½upsðzpÞ�
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T sðzÞ ¼
XN

p¼1

X1
m¼0

fexpðibmzÞ½ðibmÞ
2ðz� z� Zp þ ZpÞP ðpÞþm þ ibmQðpÞþm � expð�ibmZpÞ

� ibm expðibmzÞP ðpÞþm expð�ibmZpÞg;

T sðz� biÞ ¼
XN

p¼1

X1
m¼0

expð�bmbÞfexpð�ibmzÞ

� ½ðibmÞ
2ðz� zþ 2bi� Zp þ ZpÞP ðpÞþm þ ibmQðpÞþm � expðibmZpÞ

þ ibm expð�ibmzÞP ðpÞ�m expðibmZpÞg;

ð31Þ

where

P ðpÞ�m ¼
X1
n¼1

aðpÞn t�nm; QðpÞ�m ¼
X1
n¼1

bðpÞn t�nm: ð32Þ

After substitution (30) and (31) into (27), we obtain for m > 0

p�m ¼
1

Dm

XN

p¼1

P ðpÞ�m expð	ibmZpÞ;

q�m ¼
1

Dm

XN

p¼1

2b
expðbmbÞ

Dm
� iðZp � ZpÞ

� �
bmP ðpÞ�m þ QðpÞ�m

� �
expð	ibmZpÞ;

ð33Þ

where Dm ¼ expð2bmbÞ � 1. Thus, pm and qm taken in the form (33) satisfy the boundary conditions (27) accu-
rately. In turn, the edge disturbance uh affects the stress field around inclusions and has to be taken into ac-
count as well by proper modification of the procedure described in the previous Section. By applying the
formula (A.8) to (30) one finds easily the local expansion of uh in a vicinity of Zq:

uhðzÞ ¼ uhðzq þ ZqÞ ¼ ,0uhqðzqÞ � ðzq � zqÞu0hqðzqÞ � whqðzqÞ; ð34Þ

where

uhqðzqÞ ¼
X1
k¼0

AðqÞk ðzqÞk; whqðzqÞ ¼ BðqÞk ðzqÞk ð35Þ

and

AðqÞk ¼
X
m6¼0

pm

ðibmÞ
k

k!
expðibmZqÞ;

BðqÞk ¼ �
X
m6¼0

ibmðZq � ZqÞpm � qm

� � ðibmÞ
k

k!
expðibmZqÞ:

ð36Þ

Remarkably, the local expansion (34) is identical in form to that of the regular part of (21). Hence, derivation
of the resolving set of equations follows the same way as described above, with replace aðqÞ�k to ðaðqÞ�k þ AðqÞk Þ and
bðqÞ�k to ðbðqÞ�k þ BðqÞk Þ and gives (24) with AðqÞk and BðqÞk standing in the right hand side

X1

ðRqÞ2k ½ðRqÞ2ðk � 2ÞaðqÞk�2 � ðb
ðqÞ
k þ kaðqÞk Þ� þ aðqÞ�k ¼ �dk1C1 � AðqÞk ;

X2

ðRqÞ2k aðqÞk � ðk þ 2ÞðRqÞ2aðqÞ�k�2 � bðqÞ�k � kaðqÞ�k

� 	
¼ dk1 C2 � C1


 �
þ ðk þ 2ÞðRqÞ2AðqÞkþ2 þ BðqÞk � kAðqÞk ;

q ¼ 1; 2; . . . ;N ; k ¼ 1; 2; . . . ;

ð37Þ

Eq. (37) together with (20), (22), (33) and (36) constitute a closed set of linear equations. Some additional ana-
lytical work, namely substitution of (32) into (33) and, then, into (36) and (37) allows to exclude the unknowns
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P ðpÞ�m ; QðpÞ�m ; pm; qm;A
ðqÞ
k and BðqÞk from the resolving set of equations and thus to reduce greatly the total com-

putational effort.

3.3. Finite thickness composite ply

To be specific, we prescribe the kinematic boundary conditions on both flat edges of the ply (Fig. 4),
namely

umjx2¼�b ¼ 0; umjx2¼0 ¼ id: ð38Þ

and show how to provide them by proper taking the Fourier series coefficients pm and qm in the boundary-re-
lated term uh (29). To find them, we note first that in our model �b < X 2p < 0, p ¼ 1; 2; . . . ;N :

By definition, z ¼ zp þ Zp; therefore, x2p > 0 for x2 ¼ 0 (upper edge of layer) and x2p < 0 for x2 ¼ �b (bot-
tom one). We expand (38) into a Fourier series in x1. Applying (A.2), to the singular part of um, namely,
us ¼

PN
p¼1 upsðzpÞ gives us

usjx2¼0 ¼
X1
m¼0

expðibmx1Þ ,0

XN

p¼1

P ðpÞþm expð�ibmZpÞ
" #(

þ expð�ibmx1Þ
XN

p¼1

ibmðZp � ZpÞP ðpÞþm � QðpÞþm

h i
expðibmZpÞ

)
;

usjx2¼�b ¼
X1
m¼0

expð�bmbÞ expð�ibmx1Þ ,0

XN

p¼1

P ðpÞ�m expðibmZpÞ
" #(

þ expðibmx1Þ
XN

p¼1

�bm 2bþ i Zp � Zp


 �
i

�
P ðpÞ�m � QðpÞ�m

h i
expð�ibmZpÞ

)
;

ð39Þ

where

P ðpÞ�m ¼
X1
n¼1

aðpÞn t�nm; QðpÞ�m ¼
X1
n¼1

bðpÞn t�nm: ð40Þ

After substitution (30) and (39) into (38), we obtain for m > 0

,0pm � q�m ¼ R1; ,0pm expð2bmbÞ � 2bmbp�m � q�m ¼ R3;

,0p�m � qm ¼ R2; ,0p�m � ð2bmbpm � qmÞ expð2bmbÞ ¼ R4;
ð41Þ

where

R1 ¼ �,0

XN

p¼1

P ðpÞþm expð�ibmZpÞ;

R2 ¼
XN

p¼1

ibm Zp � Zp


 �
P ðpÞþm � QðpÞþm

h i
expðibmZpÞ;

R3 ¼
XN

p¼1

�bm 2bþ i Zp � Zp


 �� 
P ðpÞ�m � QðpÞ�m

h i
expð�ibmZpÞ;

R4 ¼ ,0

XN

p¼1

P ðpÞ�m expðibmZpÞ:

ð42Þ
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By solving (41) for pm and qm, one finds

pm ¼
Dm,0ðR3 � R1Þ þ 2bmbDmR2 � 2bmbðR4 � R2Þ

ðDm,0Þ2 � ½2bmb expð2bmbÞ�2
;

qm ¼ pm2bmb expð2bmbÞ=Dm � ðR4 � R2Þ=Dm;

q�m ¼ ,0pm � R1; p�m� ¼ ðR2 þ qmÞ=,0;

ð43Þ

where Dm ¼ expð2bmbÞ � 1.
The separate case is m ¼ 0, where we have

umjx2¼0 �
pi

a

XN

p¼1

ð,0aðpÞ1 þ bðpÞ1 Þ ¼ id;

umjx2¼�b þ
pi

a

XN

p¼1

ð,0aðpÞ1 þ bðpÞ1 Þ ¼ 0:

ð44Þ

From here, the constant term in um is

C0 ¼ idþ pi

a

XN

p¼1

ð,0aðpÞ1 þ bðpÞ1 Þ ð45Þ

whereas the linear term coefficients C1 and C2 are given by

C1 ¼
E11 þ E22

2ð,0 � 1Þ ; C2 ¼
1

2
ðE22 � E11 þ 2iE12Þ; ð46Þ

with

E22 ¼
d
b
þ 2p

ab

XN

p¼1

ð,0aðpÞ1 þ bðpÞ1 Þ; Eij ¼ 0 ði; j 6¼ 2Þ: ð47Þ

Thus, pm and qm chosen in the form (43) and Ci taken from (45)–(47) satisfy the boundary conditions (38) accu-
rately. It is quite evident that the described procedure of executing the flat boundary conditions remains valid
for any self-balanced set of loads, not violating the periodicity condition (4).

3.4. Effective stiffness

The stress field obtained from the above solution can be integrated analytically to get the closed form exact
expression of the macroscopic, or effective, stiffness tensor C� defined by

hriji ¼ C�ijklhekli; ð48Þ

where h
imeans averaging over the RVE. In the model we consider, RVE coincides with the meso cell and, due
to periodicity of structure,

hf i ¼ 1

V

Z
V

f dV ð49Þ

where V is a cell volume. In our case, V ¼ ab (unit length is assumed in x3-direction).
In the problem we consider, the stress field is macroscopically homogeneous and governed either by the

constant macroscopic strain E ¼ fheijig or stress S ¼ fhrijig tensor. To evaluate heiji, we write

heiji ¼
1

2V

Z
V
ðui;j þ uj;iÞdV ¼ 1

2V

Z
V m

þ
XN

p¼1

Z
V p

 !
ðui;j þ uj;iÞdV

" #
; ð50Þ
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where V m is the matrix volume inside the cell and V p ¼ pR2
p is the volume of pth fiber: V ¼ V m þ

PN
p¼1V p.

Now, we apply the Gauss’ theorem to reduce the volume integrals to surface ones: taking into account also
the first of adhesion conditions (2) we get

heiji ¼
1

2V

Z
R
ðuinj þ ujniÞdS; ð51Þ

where R is the cell outer surface and ni are the components of unit normal vector.
Evaluation of (2) uses periodicity property of u: so,

E11 ¼
1

V

Z
R

u1n1 dS ¼ 1

V

Z b

0

½u1ðzþ aÞ � u1ðzÞ�dx2: ð52Þ

It follows from (29) and (14) that umðzþ aÞ � umðzÞ ¼ að,0C1 � C2Þ. Considering u1 ¼ Reu gives us

E11 ¼ Reð,0C1 � C2Þ: ð53Þ
Similarly,

E22 ¼
1

V

Z
R

u2n2 dS ¼ 1

V

Z a

0

½u2ðzþ biÞ � u2ðzÞ�dx1; u2 ¼ Imum; ð54Þ

based on the expansion (A.2), one finds

umðzþ biÞ � umðzÞ ¼ bið,0C1 � C1Þ � biðC1 � C2Þ � 2biCR; ð55Þ
and

E22 ¼ Re½ð,0 � 2ÞC1 þ C2 � 2CR�; where CR ¼
p
V

XN

p¼1

,0aðpÞ1 þ bðpÞ1

� 	
: ð56Þ

In the same way we obtain

E12 ¼ ImðC2 � C1 þ CRÞ: ð57Þ
From here we can derive the equations determining the parameters C1 and C2:

ð,0 � 1ÞC1 ¼
E11 þ E22

2
þ CR;

C2 ¼ C1 þ
E22 � E11

2
þ iE12 þ CR;

ð58Þ

and, thus, completing the problem statement.
Evaluating the macroscopic stress follows the same way:

hriji ¼
1

V

Z
V

rij dV ¼ 1

2V

Z
V m

þ
XN

p¼1

Z
V p

 !
2G eij þ

dijmh
1� 2m

� �
dV

" #
; ð59Þ

after some algebra, we come to

Sij

2G0

¼ Eij þ dijðE11 þ E22Þ þ
XN

p¼1

ðeGp � 1Þ fp

V p

Z
V p

eij dV

"

þdij
eGp

mp

1� 2mp
� m0

1� 2m0

� �
fp

V p

Z
V p

hdV

#
; f p ¼

V p

V
ð60Þ

Thus, the problem is reduced to evaluating the

1

V p

Z
V p

eij dV ¼ 1

2pR2
p

Z
Lp

ðuinj þ ujniÞdl ¼ 1

2pRp

Z 2p

0

ðuinj þ ujniÞdu: ð61Þ

On the circle rp ¼ Rp; n ¼ n1 þ in2 ¼ expðiuÞ; with account for the explicit form (15), (16) of displacement in-
side the pth fiber, integration in (61) is rather trivial task leading to
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1

V p

Z
V p

ðe11 þ e22ÞdV ¼ 2ð,p � 1ÞRecðpÞ�1;

1

2V p

Z
V p

ðe22 � e11 þ 2ie12ÞdV ¼ dðpÞ�1 � cðpÞ�1 þ 3R2
pcðpÞ�3:

ð62Þ

Combining (62) and (60) gives us an explicit expression of (48) written in compact form as

S11 þ S22

2G0

¼ E11 þ E22

ð,0 � 1Þ þ
XN

p¼1

2f p
eGp

mp

1� 2mp
� m0

1� 2m0

� �
ð,p � 1ÞRecðpÞ�1;

S22 � S11 þ 2iS12

2G0

¼ E22 � E11 þ 2iE12 þ
XN

p¼1

2f p
eGp � 1
� 	

dðpÞ�1 � cðpÞ�1 þ 3R2
pcðpÞ�3

� 	
:

ð63Þ

As a last step, we utilize the relations (26) to express Sij in terms of variables aðpÞn and bðpÞn entering the resolving
system (24) and get the final exact, finite-form result:

S11 þ S22

2G0

¼ E11 þ E22

ð,0 � 1Þ þ
2p
V
ð,0 þ 1Þ
ð,0 � 1Þ

XN

p¼1

aðpÞ1 þ bðpÞ1

� 	
;

S22 � S11 þ 2iS12

2G0

¼ E22 � E11 þ 2iE12 þ
2p
V
ð,0 þ 1Þ

XN

p¼1

aðpÞ1 :

ð64Þ

Together with (48), these relations enable evaluation of all the transverse effective stiffness moduli.

4. Numerical study

4.1. Numerical realization and efficiency

The series solution we derive above is an accurate, asymptotically exact one. This means that, in order to
get the exact values, one has to solve a whole infinite set of linear equations. In practice, it is solved by apply-
ing the truncation method which means that only a certain finite number N eqn of equations and unknowns is
retained in (37). Based on asymptotic analysis of the linear set (37), it can be proven rigorously (Kantorovich
and Krylov, 1964) that an approximate solution obtained in this way converges to an exact one with
N eqn !1. Thus, any desirable accuracy can be achieved by the proper choice of N eqn.

Noteworthy, numerical realization of the developed method is rather simple. The matrix coefficients of the
linear system are given by the simple rational expressions and, unlike FEM or BEM, involve no integration.
Instead, they contain the ordinary rapidly convergent infinite sums, which can be expressed in terms of Euler
zeta-function 1ðnÞ tabulated elsewhere (e.g., Abramovitz and Stegun, 1964). In fact, the most computational
time is spent by the linear solver and, to provide the best performance, the proper solver must be chosen. The
well known fact is that the CPU time for the direct and iterative solvers scales as OðN 3

eqnÞ and OðN 2
eqnÞ, respec-

tively. Moreover, for the typical in the many-fiber models large (N eqn > 1000) sets of equations the direct solv-
ers are not welcome due to substantial numerical error accumulation; the iterative solvers are preferable if not
the only choice. Among them, the generalized minimum residuals (GMRES) algorithm by Saad and Schultz
(1986) was reported by many authors as the best compatible with the multipole expansion technique. A con-
vergence rate (and hence numerical efficiency) of GMRES depends on the rational choice of preconditioner
matrix and initial guess. Preconditioning involves multiplication of both sides of (37) by a matrix P, the pre-
conditioner. Following Fu et al. (1998), we choose P to be block-diagonal, with each block being equal to the
inverse of the corresponding diagonal block of the matrix (37). Formally, this preconditioner is known as
block-Jacobi. For many-particle problems, the block-Jacobi preconditioner has a clear physical meaning: it
exactly represents the solution for non-interacting fibers.

In this work, the open source Fortran code of GMRES routine by Fraysse et al. (1998), with minor mod-
ifications, is utilized. Some idea of its numerical efficiency can be drawn from Table 1, where the run time vs
number of equations N eqn is given for three double precision linear solvers. They are: DLAX, standard direct
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solver (SSL2 library, Lahey Fortran 5.7); DLSARG, standard direct solver (IMSL library, Compaq Visual
Fortran 6.5) and GMRES, the problem-adjusted iterative solver. All the subsequent numerical data have been
obtained using the Pentium IV 2.4 GHz single processor PC. It is seen quite clearly from the table that using
the standard direct solvers has no perspective. Yet another argument in favor of using the iterative solver for
the progressive damage simulation consists in that the solution obtained on the previous step represents a nat-
ural initial guess for the next step: doing so results in the rapid convergence of iterations. The further improve-
ment of numerical performance can be achieved by taking the more elaborated preconditioner P and by
allowing the algorithm to automatically adjust the number of terms in Fourier series in order to reach the
desirable level of accuracy.

Also, it is of interest to make comparison with the similar works where the numerical effort is reported. Say,
Chen and Papathanasiou (2004) have used the parallel BEM implementation showing, as they claim, better
performance in comparison with FEM. They reported that a typical run for the model with 144 fibers and
minimum inter-fiber distance dmin ¼ 0:05, discretized with � 4000 quadratic elements, took approximately
15 min on the eight-processor grid, 120 min in total. Unfortunately, they did not report the used processor
type/performance rate and dimension of the set of equations they solved. The time spent by our code to solve
the model BVP with the same parameters (144 fibers, dmin ¼ 0:05) and N eqn ¼ 14; 400 ranges from 1 to 2 min
depending on the fiber volume content which means that the developed method is almost two orders more
efficient in comparison with the mentioned above numerical code.

An efficient, fast multipole-based algorithm for studying the large-scale models has been developed recently
by Wang et al. (2005b). The plotted there in Fig. 8 CPU time vs number of degree of freedom gives the esti-
mated run time of 100 s for N eqn ¼ 14; 400 which is remarkably close to that obtained by us. It is not surpris-
ing, however, because the underlying mathematical theory of compared works is rather similar. And, even
more pronounced speedup effect can be achieved by combining these two techniques, namely, the fast multi-
pole expansion and periodic singular potentials, see, e.g., Sangani and Mo (1996) and Kushch et al. (2002).

4.2. Convergence

Three main parameters governing convergence and accuracy of results in the below statistical analysis are

(a) number Nharm of harmonics retained in the series expansions (13) and (16);
(b) number N fib ¼ N of fibers with the centers lying inside the unit cell;
(c) number N conf of random structure realizations taken for averaging.

Obviously, all these numbers should be taken sufficiently large to provide the reliable numerical results. On
the other hand, computational effort of such a study scales as ðN eqnÞaN conf , where number of equations
N eqn ¼ 4N fibNharm and a ¼ 2 or 3 depending on the linear solver type (iterative or direct, respectively) utilized
and, to avoid exceedingly large total computational time, the reasonable values of Nharm;N fib and N conf are to
be taken. Their motivated choice can be made based on the solution convergence rate study.

First, we evaluate number of harmonics N harm we need to keep in the numerical solution in order to get the
convergent solution. Specifically, we consider uniaxial tension S22 ¼ 1 of a composite with the equal-sized
fibers of diameter D. The elastic properties of composite phases are E0 ¼ 3:2 GPa, m0 ¼ 0:36; Ep ¼ 3:2 GPa,
mp ¼ 0:25 (Meraghni et al., 2002); hence, Gp ¼ 24G0; p ¼ 1; 2; . . . ;N . Some idea of convergence rate can be

Table 1
Linear solver elapsed time, s

N eqn DLAX DLSARG GMRES

1600 9.5 3.0 0.43
2400 31.9 8.6 0.94
3600 79.1 40.5 1.8
4800 Lost accuracy 100.1 4.2
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drawn from Tables 2 and 3, where the interface stress rr max ¼ max0<u<2p rr is given as a function of dmin and
Nharm.

Not surprisingly, stress concentration caused by two fibers in otherwise homogeneous matrix is higher
because in the composite, for the equal far load, the smaller strain and, hence, lower local stress develops.
The data shown in Table 4 were obtained for the random structure realization (30 inclusions per cell) with
dmin ¼ 0:02; the fiber volume content c ¼

PN
p¼1V p=V was taken the same as in Table 3. Here, no smooth

rr maxðcÞ dependence is expected because, for each c, only one random structure realization was taken. How-
ever, the max stress decreasing tendency is quite clear: the higher is the fiber volume content, the less room left
for isolated clusters of a few fibers where the highest interface stress concentration is most probable.

In Fig. 5, the rr stress variation along the interface of the arbitrarily chosen fiber in the model with 30 fibers
per cell, c ¼ 0:349 and already N harm ¼ 20 gives the practically convergent solution with a relative error in
stress below 1%. Obviously, the smaller is dmin, the stiffer is the model BVP (no matter, analytical or numerical
method we apply to solve it) and the higher local stress concentration is expected. By prescribing a fixed allow-
able distance dmin, we, in fact, pre-determine the maximum allowable stress and to be consistent with practice,
this parameter should be taken as small as possible. Some idea of how rr max can be affected by dmin can be
drawn from the stress asymptotics for nearly touching fibers.

It worth to mention here that the developed analytical method is also advantageous in that it (BEM and
FEM unlike) handles equally well the problems with separated and touching inclusions.

It is seen from Fig. 6 that the interface stress remains finite when the fibers are drawn together (dmin ! 0). This
is the well-known problem: the stress singularity is expected only in the case of rigid (non-deformable) inclusions.

The lines represent our solution where, in the case of a finite array of inclusions, the periodic part is omit-
ted: H �nm ¼ Hnm. The analogous data obtained by FEM are shown in the plot by the solid circles for two fibers
and by the open circles for a square array of fibers. As seen from the plot, the compared data practically

Table 2
rr max at interface: two inclusions along the loading direction

Nharm dmin

0.5 0.2 0.05 0.02

10 2.00 2.75 4.32 26.3
20 2.00 2.76 4.25 5.55
30 2.00 2.76 4.25 5.19
40 2.00 2.76 4.25 5.18

Table 3
rr max at interface: a square array of inclusions

Nharm dmin

0.5 ðc ¼ 0:349Þ 0.2 ðc ¼ 0:545Þ 0.05 ðc ¼ 0:712Þ 0.02 ðc ¼ 0:755Þ
10 1.53 1.74 2.88 2.26
20 1.53 1.72 2.29 2.66
30 1.53 1.72 2.28 2.69
40 1.53 1.72 2.28 2.70

Table 4
rr max at interface of the arbitrarily chosen fiber: quasi-random array of inclusions

Nharm c

0.349 0.545 0.712 0.755

10 8.00 5.36 5.38 6.47
20 3.90 3.50 2.59 2.73
30 3.88 3.50 2.57 2.72
40 3.88 3.50 2.57 2.72
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coincide which validates both the developed theory and numerical code. Noteworthy, for dmin ¼ 0:05 adopted
by Chen and Papathanasiou (2004) the probable rr max underestimation is almost two times. In the subsequent
numerical study, we put dmin ¼ 0:01 which seems to be a reasonable compromise between the accuracy and
computational effort.

The next issue is a number of fibers N fiber inside the unit cell. The data in Table 5 are the mean stress inside
the cell, averaged over 50 configurations and given in the form hriji=C0

ijkl ¼ M � S, where M and S are the

Fig. 5. Interface stress convergence with Nharm increased.

Fig. 6. Max interface stress as a function of normalized inter-fiber distance.

Table 5
Effective stiffness of a fibrous composite: convergence and isotropy checking

hr11i=C0
1111 hr22i=C0

2222 hr12i=C0
1212

N ¼ 20;E11 ¼ 1 2:685� 0:016 2:242� 0:012 0:009� 0:012
N ¼ 20;E22 ¼ 1 2:242� 0:011 2:659� 0:016 0:009� 0:012
N ¼ 50;E11 ¼ 1 2:683� 0:011 2:270� 0:008 �0:006� 0:008
N ¼ 50;E22 ¼ 1 2:271� 0:008 2:671� 0:010 �0:005� 0:009
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mean value and the standard error of the mean, respectively. Taking account of that loading is the uniaxial
macroscopic strain Ekl ¼ 1, these numbers are the nothing else than the effective elastic moduli of a fibrous
composite: C�ijkl ¼ hrijijEkl¼1. It is seen from the table that the values obtained for N fib ¼ 20 and N fib ¼ 50
are rather close which clearly indicates convergence of solution with respect to N fib. These data can also be
useful in verifying isotropy of the random structure model. Ideally, one must get for macroscopically isotropic
composite material hr11ijE11¼1 ¼ hr22ijE22¼1; hr22ijE11¼1 ¼ hr11ijE22¼1 and hr12i � 0. As calculations show,
already for N fib ¼ 20 an anisotropy degree is below 1% and shows a clear tendency to decrease with the
N fib growing up.

The next figure shows how much a number of realizations N conf affects the results of statistical averaging. In
Fig. 7, the normalized effective Young modulus Eeff=E0 averaged over a number of random structure realiza-
tions is shown. The open circles correspond to N fib ¼ 20 whereas the solid circles correspond to N fib ¼ 50.
Based on these observations, the conclusion can be drawn that N conf ¼ 50 provides practically convergent
solution.

Of course, these data must be considered only as the indicative ones because they depend on the volume
content of fibers, fiber-to-matrix moduli ratio, microstructure type, etc. In each specific case, the similar study
must be done and the appropriate Nharm, N fib and N conf numbers ensuring the accurate and statistically
meaningful results should be determined.

4.3. Interface stress statistics

Now, we show a few results on the interface stress distribution obtained by the numerical experiments with
N fib ¼ 100 and Nharm ¼ 20. In Fig. 8, a meso cell with the fiber volume content c ¼ 0:5 is shown. The shades of
gray indicate peak interface stress level: the fibers with low peak stress are shown by dark, the heavily loaded
fibers are shown by light gray color. It is clearly seen from the picture that rr max varies greatly from one fiber
to another. Visual observation easily discovers presence of the fiber chains with high rr max oriented predom-
inantly in the loading (x2; in our case) direction. Reported earlier by Babuška et al. (1999), this clustering-
related phenomenon is quite expectable in view of the above stress analysis. As numerical study shows, there
always exists relatively small volume fraction of fibers with rather high interface stress concentration. Expect-
edly (see Fig. 6), the max stress is generated between the closely placed and oriented along the loading direc-
tion fiber pairs and this local stress greatly exceeds the mean value.

As to the rr max statistical distribution rule, some idea of it can be drawn from Fig. 9, where the data for a
composite with c ¼ 0:5 are shown. Here, the open circles represent empirical cumulative distribution for a sin-
gle random structure realization, the solid circles are obtained by averaging over 10 runs. The solid line is the

Fig. 7. Convergence of effective transverse Young modulus Eeff of FRC ðc ¼ 0:5Þ with a number of realizations N conf increased.
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approximation of stress distribution by the ‘‘chain of bundles” model (see Gumbel, 1958; Ruggieri et al., 1995)
y ¼ expð� expð�kðx� xcÞÞÞ; where xc ¼ 1:53 and k ¼ 1:59. Claimed by Chen and Papathanasiou (2004) the
Weibull’s statistics of max stress (dash-dotted line in Fig. 9) works only when the fibers are well separated
ðdmin P 0:05Þ and the interface stress are relatively low. In our case dmin ¼ 0:01, it approximates satisfactory
only the low end of the empirical cumulative curve and not able to account for the peak stress predetermining
initiation and accumulation of damage. Noteworthy, the hrr maxi for the random structure composite is sub-
stantially higher than for the ordered square and, especially, hexagonal structure which can be regarded as
‘‘perfect” for the unidirectional FRC.

Obtained by averaging over all the fibers in each of 10 configurations the mean stresses hrr maxi and humaxi
as well as their standard deviations for a set of c value are given in Table 6. Here, umax is the angle coordinate
of the point at the matrix–fiber interface where the peak stress is attained. With c increased, the mean value
hrr maxi as well as its scattering is growing up; at the same time, the peak rr max value is decreasing. Expectedly,

Fig. 8. Formation of the fiber chains with high interface stress (dark fibers, low stress; light fibers, high stress).

Fig. 9. Cumulative probability function of max rr distribution ðc ¼ 0:5Þ.
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the mean angle value humaxi ¼ p=2; its standard deviation is also growing up together with the fiber packing
density.

Cumulative probability function of max rr distribution for a series of c value is given in Fig. 10. It is clearly
seen from the plot that, regardless of c, there exists a relatively small fraction of fibers with rather high, com-
parable with that for two touching fibers, interface stress. In terms of the fatigue strength this means that deb-
onding will occur in these ‘‘hot spots” much earlier than in all other sites. This correlates well with – and can
be quite plausible explanation of – the experimentally observed (Brøndsted et al., 1997; Talreja, 2000, among
others) rapid FRC stiffness degradation at the initial stage of cyclic loading. Needless to say, this effect can be
properly modeled only if we take realistic, i.e., sufficiently small dmin. The fitting function is the modified
‘‘chain of bundles” y ¼ expf� exp½�kðxa � xcÞ�g model; the coefficients k; a and xc are given in Table 6. For
the angle statistics, Lorenz’ distribution with the probability density y ¼ 2Aw=fp½4ðx� xcÞ2 þ w2�g and xc ¼
p=2 seems to be appropriate approximation, see Fig. 11.

The presented above numerical examples are aimed primarily to demonstrate potential of the developed
approach in the statistical study of FRC micro stress fields. An importance of these and other relevant rela-
tionships which can be obtained in this way consists in the following. The ultimate goal of our simulations is to
develop the micro mechanics-based composite strength theory. To accomplish it, we need to link the micro
structure parameters to the micro stress statistics and micro damage initiation and accumulation rate. The sta-
tistical parameters of an actual FRC micro structure and the constants entering the micro stress distribution
functions we found from the numerical experiments could serve as the input variables of such a theory.

4.4. Application: simple debonding path model

Now, we give some idea of how numerical efficiency of our method can be utilized for simulating progres-
sive damage in FRC. First, we assign the matrix–fiber interface to be the ‘‘weakest link”. The constant

Table 6
Mean value and standard deviation (SD) for rr max and angle umax

c hmax rri SD hui SD y ¼ expf� exp½�kðxa � xcÞ�g
k xc a

0.1 1.56 0.40 1.57 0.17 324 1.006 0.0222
0.2 1.67 0.60 1.55 0.21 310 1.004 0.0137
0.3 1.79 0.68 1.58 0.25 41.2 1.026 0.0789
0.4 1.90 0.75 1.58 0.28 3.91 1.231 0.552
0.5 1.98 0.74 1.54 0.30 1.68 1.554 0.975
0.5 2.01 0.66 1.57 0.34 1.14 1.922 1.276

Fig. 10. Cumulative probability function of max rr distribution ðc ¼ 0:5Þ.
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amplitude cyclic load applied to the composite part results in the continuous sub micro damage accumulation
and dropping down the interface strength S ¼ SðNÞ. The debonding occurs when the condition rr max ¼ SðNÞ
is satisfied at the most heavily loaded fiber. An instantaneous and complete fiber debonding is assumed: in our
model, the debonded fiber is replaced with a pore and the modified model BVP is solved again, etc. Of course,
this is obvious over-simplification: in a real composite, the partially and even fully debonded fiber may still
contact the matrix and thus affect the local stress field and overall elastic response. There is a number of pub-
lications (Meraghni et al., 1996; Zheng et al., 2003; Gorbatkikh et al., 2005, among others) where these effects
were studied; taking account of them represents a natural next step in development of our meso cell model but
lies out of scope of this paper.

However, even in the framework of this simplest debonding model, some qualitative results can be
obtained. In Fig. 12, the typical debonding fiber paths in the FRCs of regular (square and hexagonal) struc-
ture obtained by the described above step-by-step ‘‘progressive damage modeling” algorithm. In the perfectly
bonded composite of regular structure, the stress field is the same in and around each fiber, therefore we arti-
ficially introduce the local defect (a single debonded fiber). It causes the local stress redistribution between the
adjacent fibers, so the next and all subsequent debonding fibers are determined uniquely based on the above
mentioned criterion. It is seen that the debonded fibers form a chain oriented transversely to the loading direc-
tion: for a square array (Fig. 12(a)), this chain is a straight line row whereas in the hexagonal structure a zig-
zag-like chain, with more fibers involved is formed.

Not surprisingly, the same debonding pattern is observed in the random structure FRC. In Fig. 13(a) the
typical simulation result is shown whereas Fig. 13(b) shows the experimentally observed (Gamstedt and

Fig. 11. Angle statistics (approximation – Lorenz0 distribution).

Fig. 12. Debonding path in the regular structure FRC: (a) – square, (b) – hexagonal packing.
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Andersen, 2001) crack path; the similar data were obtained by many authors (see, e.g., Tsai, 1988). As seen
from the plot, our simple model predicts correctly direction of damage development. In order to get a quan-
titative estimate of damage in terms of applied loads, number of cycles, stiffness reduction, etc., an additional
effort in development of the model must be made including an account for imperfect interfaces, matrix crack-
ing, delamination and other fatigue damage events. In fact, the chains of debonded fibers in the intact matrix
are possible only where the interface is mush weaker than matrix. According to the reported in the literature
data, a majority of real-life composites possess a comparable matrix and interface strength (at least, of the
same order of magnitude). Therefore, most likely, one of two ‘‘destructive” scenarios will be realized.

Let us consider, for the sake of simplicity, the defect-free composite with the fibers arranged in the square
array, c ¼ 0:5, subject to uniaxial tension S22 ¼ 1. Induced by it the interface stress concentrations are
rr max ¼ 1:64 and ru max ¼ 0:89. After complete debonding the test fiber and replacing it with a pore, we get
rr max ¼ 0 and ru max ¼ 1:58; it means that with a comparable probability one can expect the matrix failure
nearby the appeared pore. After debonding in the same way one more, neighbor in x1, fiber we obtain
ru max ¼ 2:34 and this stress is localized in the bridge separating two pores. It is natural to expect the inter-pore
crack formation and propagation in the direction, transversal to the loading axis.

More probable is the second scenario, because our ‘‘complete debonding” assumption is hardly realistic.
A newly originated interface crack is approximately perpendicular to the loading direction (more precisely,
to the traction acting at interface). With the crack propagating along the interface, an angle between the
crack tip and the loading axis is decreased: intuitively evident that the crack ‘‘motivation” to propagate
along interface is dropping down as well. At the same time, the hook stress is growing up, hence, one
can expect kinking the crack into the matrix, toward another pore/crack (Prasad and Simha, 2003; Paris
et al., 2007) and the macro crack formation (Fig. 13b). To be able simulate these and other relevant fatigue
damage phenomena and to obtain a quantitative estimate of stiffness degradation due to interface debond-
ing, our model must be generalized on the case of imperfect interfaces. One promising way to account for
the interface defects has been suggested by Gorbatkikh et al. (2005) and another – by Crouch and Mogi-
levskaya (2006). Both they can be readily incorporated in the developed by us solving technique; however,
this is a topic of a separate paper.

5. Conclusions

An accurate analytical method has been developed to solve for stress in an infinite quasi-random
array of circular inclusions embedded in the matrix, the last being a ‘‘meso cell” model of disordered
fibrous composite. Up to several hundred of interacting fibers can be considered in the model which is
sufficient to account for the micro structure statistics of a real composite. The method combines tech-
nique of periodic complex potentials with the Fourier series expansion and re-expansion formulae and
can be thought as a version of the multipole expansion method. The developed theory allows to reduce
the primary boundary-value problem of the elasticity theory for a multiple-connected domain to an
ordinary well-posed set of linear algebraic equations. Together with the properly chosen iterative solver,

Fig. 13. Debonding path in the random structure FRC: (a) – simulation, (b) – experiment by Gamstedt and Andersen (2001). (b) Is
reproduced with kind permission from the authors.
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it provides rather high numerical efficiency of the method, which makes it potentially efficient tool for
studying progressive damage in FRCs. The results of numerical study are given on the interface stress
statistics and fiber debonding paths development and they appear to correlate well with the experimen-
tal observations.
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Appendix A. Periodic potentials

Let us consider the functions defined by the convergent series

tnðzÞ ¼
X1

k¼�1

1

ðz� kaÞn ; n ¼ 1; 2; . . . ðA:1Þ

These functions are periodic in x1 with period a and posses a countable set of nth order poles in the points
z ¼ ka. For x2 6¼ 0 these functions are continuous and, thus, allow expansion into the Fourier series with
respect to x1. It has been found elsewhere (Golovchan et al., 1993) that these series expansions have the
form

tnðzÞ ¼
X1
m¼0

t�nm expð�ibmzÞ; x2?0; ðA:2Þ

where bm ¼ 2pm=a and t�nm ¼ 2p
a emðbmÞ

n�1 ð	iÞn
ðn�1Þ! ; e0 ¼ 1

2
; em ¼ 1 for m > 1.

The expressions (A.2) are particularly useful when it comes to executing the boundary conditions at the flat
boundaries x2 ¼ const. It is clear from (A.2) that tnðzÞ ! 0 when jx2j ! 1 for all n > 1, whereas t1ðzÞ ! t�10 ¼
	2pi=a as x2 ! �1: Thus, the functions (A.1) can be thought as singular periodic potentials whereas the
functions expð�ibmzÞ may be considered as the regular periodic potentials for a half plane.

On the other hand, to fulfil the matrix–fiber interface conditions (2), the functions (A.1) are to be expanded
into Laurent power series around a certain point. These expansions can be obtained by applying term wise the
formula

1

ðzþ ZÞn ¼
X1
k¼0

H nkðZÞzk; HnkðZÞ ¼ ð�1Þk ðnþ k � 1Þ!
k!ðn� 1Þ! Z�ðnþkÞ: ðA:3Þ

followed by a proper change of summation order. So, local expansion around the pole z ¼ 0 is given by

tnðzÞ ¼
1

zn
þ
X1
m¼0

H �nmð0Þzm; jzj < a; ðA:4Þ

where

H �nmð0Þ ¼
X
k 6¼0

HnmðakÞ ¼ ½ð�1Þn þ ð�1Þm� ðnþ m� 1Þ!
m!ðn� 1Þ! 1ðnþ mÞ: ðA:5Þ

With the fact that 1ðnÞ ¼
P1

k¼1
1
kn is the Euler 1-function taken into account, evaluation of (A.5) is rather sim-

ple: first, H �nmð0Þ � 0 for ðnþ mÞ odd. Then, 1ð2Þ ¼ p2=6 and 1ð4Þ ¼ p4=90 (Abramovitz and Stegun, 1964); for
ðnþ mÞP 6 direct summation is rapid.

Local expansion of tnðzpÞ in a vicinity of the regularity point zq can be written in the following, convenient
for subsequent usage form:

tnðzpÞ ¼
X1
m¼0

H �nmðZpqÞzm
q ; zp ¼ zq þ Zpq ðZpq 6¼ kaÞ; ðA:6Þ
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where now

H �nmðZpqÞ ¼
X

k

HnmðZpq � akÞ ¼ ð�1Þm ðnþ m� 1Þ!
m!ðn� 1Þ! tnþmðZpqÞ: ðA:7Þ

To evaluate tnþmðZpqÞ numerically, three following case-dependent methods are applicable:

(a) direct summation provided ðnþ mÞ is sufficiently large; otherwise;
(b) Fourier series expansion (A.2), if jX 2pqj > d; and, the last;
(c) expansion of type (A.4) in the case jX 2pqj 6 d.

Local expansion of the ‘‘half plane” regular potentials expð�ibmzÞ is rather simple:

expð�ibmzÞ ¼
X1
k¼0

ð�ibmÞ
k

k!
zk: ðA:8Þ
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